We study a three-dimensional non-compact QED with a single two-component massless fermion and two infinitely massive regulator fermions of half the charge using lattice overlap formalism.
I. INTRODUCTION
The standard model of particle physics is anomaly free due to an exact non-trivial cancellation of gauge anomalies [1] from different representations to all orders of perturbation theory. Chiral anomalies outside perturbation theory can be discussed geometrically [2] and the relation between consistent and covariant currents [3] plays a central role. Such fundamental issues should be addressed in any non-perturbative formalism of chiral gauge theories. Overlap formalism of chiral gauge theories on the lattice [4] was motivated [5] by an attempt to regularize a specific chiral gauge theory using infinite number of Pauli-Villars fields [6] and the ability to use domain walls to create a chiral zero mode [7] . In order to discuss the problem of chiral anomalies in a gauge covariant and geometric manner, a two-form in the space of gauge fields defined through the curl of the difference between the covariant and consistent currents was introduced within the overlap formalism in [8] , and it was identified to be the Berry's curvature. Two sources contribute to this Berry's curvature for a chiral fermion in an anomalous representation -the first is due to the genuine continuum gauge anomaly that cannot be removed, and the second is due to the spatial smearing of the anomalous contribution due to finite lattice spacing. There is just the contribution due to smearing in an anomaly free chiral theory which can only be removed by fine-tuning the irrelevant terms in fermion action on the lattice [8] . The exceptions to the fine-tuning are QCD-like vector theories where the anomaly cancellation is trivial.
The odd-dimensional analog to chiral anomalies is parity anomaly [9] [10] [11] [12] and this also can be discussed geometrically [13] . In this letter, we consider a three-dimensional analog to the chiral gauge theories, where there is a non-trivial cancellation of parity anomaly between massless fermions and infinitely massive fermions, which is a property unique to three-dimensions. The theory we consider is an Abelian U (1) gauge theory with one massless Dirac fermion of charge q and two infinitely massive fermions of charges q 2 in a three-torus with physical size, 3 . This corresponds to the Euclidean continuum theory, with an implicit regularization,
written in standard notation in units where the coupling constant g 2 = 1. This theory has phenomenological relevance to the low-energy physics of fractional quantum Hall effect at half-filled Landau level [14] [15] [16] . Like in even dimensions, lattice regularization of this theory within the overlap formalism [4, 17, 18] does not succeed in an exact cancellation of the parity anomaly. A salient result in this letter is the numerical evidence for the restoration of parity invariance in the continuum at any finite physical volume without the need for finetuning the fermion action, which suggests a similar situation to hold in even dimensional chiral gauge theories as anticipated in [8] . This will also establish the existence of such threedimensional theories outside perturbation theory. We will then present a numerical study of this theory in the infinite volume limit and provide evidence for spontaneous breaking of parity.
II. MODUS OPERANDI
As is standard in lattice field theory, we discretize the physical volume 3 using L 3 lattice points with the lattice spacing being L . The continuum limit is achieved by taking the L → ∞ limit at fixed value of . For the Abelian theory, the dynamical real lattice variables are θ µ (n) at the link connecting the lattice point at n to n +μ. The lattice regularized partition function of the model in Eq. (1) using the overlap formalism [17, 18] is
where S g (θ) is the non-compact gauge action on the lattice (obtained by discretizing the where q is the charge of the fermion coupled to the gauge field. We have set q = 1 in Eq. (1) and the first determinant factor realizes the effective action obtained by integrating out the massless fermion in Eq. (1) and the second determinant factor realizes the Chern-Simons term in Eq. (1) as induced by an infinitely massive fermion.
If we define the induced action 2A q from the infinite mass fermion via, det V qθ ≡ exp (2iq 2 A q ), then we expect A q (θ) to be independent of q for smooth gauge fields [11, 12, 19, 20] , and be the same as the level-one Chern-Simons action. If we perform the Euclidean parity transformation, under which V qθ → V † qθ , the path integral in Eq. (2) transforms to
where
Parity anomaly cancellation in the continuum means that 2A = 0 or equivalently, A = nπ for
On the lattice however, the non-trivial anomaly cancellation between two different charges will result in 2A(θ) being zero only on classically smooth backgrounds.
An ensemble of gauge field configurations on the lattice away from the continuum limit will not be smooth and we do not expect 2A(θ) = 0 (mod 2π), leading to
which forms the core of the problem addressed in this letter.
Our strategy can be summarized as follows. Using the Rational Hybrid Monte Carlo (RHMC) [21] [22] [23] , an algorithm based on molecular dynamics evolution, we numerically simulate the theory on the lattice using the positive definite measure
and consider the phase e iA to be part of the observables. Our first aim is to study the distribution of A generated at a given and L and show that the distribution has a tendency to approach a delta function for all as we take L → ∞. As the lattice spacing increases with in a range of numerically feasible values of L, we can only provide reasonable numerical evidence for parity anomaly cancellation over a limited but wide range of . Our second aim in this letter is to assume that parity anomaly cancellation holds for all values of and study the infrared physics of the model in Eq. (1) using p + (θ) as the measure. Figure 2 , we show the scaled peak-height of the distribution, 3/2 P (A = 0), as a function of /L. The approximate data collapse suggests a √ L increase in the peak-height at smaller /L. As expected, higher order effects in lattice spacing come into play in both figures for larger L . Based on these empirical observations, we find reasonable evidence for P (A) to approach a delta function in the continuum limit at a fixed and it is important that one takes the continuum limit before taking the infinite volume limit.
We now discuss the sign of the fermion determinant. The distribution P (A) on the coarser lattices, such as the one at = 200, covers the entire range (−π, π], but still remains peaked at zero. Based on the arguments above, this implies that the distribution in the continuum limit will be peaked around zero, in spite of values of A close to π being allowed in the essentially continuous molecular dynamics evolution of gauge fields used by the RHMC algorithm on coarser lattices. In principle, we could have found a separation of our ensemble into two sectors on coarser lattice spacings (corresponding to A(L = ∞) = 0 and ±π) easily identified by a doubly peaked P (A). In this case, it would have been necessary to have a zero of the fermion determinant along the RHMC's canonical evolution as the continuum limit is approached. Since we did not find this to be the case, our result is consistent with the absence of topological zero modes in odd-dimensional space without a boundary [24, 25] .
In this manner, we have succeeded in demonstrating that Eq. (2) has a parity invariant as well as an effectively positive measure in the continuum.
Another quantity relevant to the anomaly cancellation is
which is a fermion-induced pseudo-vector current in lattice units, and the expectation value of its magnitude is E q (n) = J q (n) · J q (n) + . One expects J q i (n) to depend locally on the flux ∼ ijk ∆ j θ k , but need not be ultra-local and get smeared around n as discussed in [8] . In the absence of such an ultra-locality, E(n) = E 1 (n) − E 1/2 (n) will not vanish at finite lattice spacing but it must vanish faster than E 1 (n) and E 1/2 (n) as one approaches the continuum.
In Figure 3 , we put together the data from all and L for E 1 and E 1/2 at an arbitrarily 10 −11 10 −10 10 −9 10 −8 10 −7 10 −6 10 −5 10 −4 10 −3 10 −2 
The approach of C o (left) and C e (right) to 0 in the continuum limit.
chosen n, and show it as a function of lattice spacing L . The data from different values of fall on the same curve due to the local nature of this observable. The lattice spacing scaling of E 1 and E 1/2 is L , the same as the average local energy density. With this combined data, we see that E falls off with the lattice spacing like L 3 , faster than E 1 or E 1/2 by two powers of lattice spacing ensuring again that the theory will be parity-invariant at all values of studied here.
Having demonstrated the path integral measure is anomaly free in the continuum limit, it is also imperative that we show the VEVs of parity-odd observables vanish in the continuum limit. Decomposing any observable O into its parity-even and odd components O e and O o respectively, its expectation value can be written as
We want to show that in the continuum limit, the parity-even first term on the right hand side becomes O e + and the parity-odd second term vanishes. We consider the correction 
In Figure 4 , we show the decreasing behavior of both 
IV. SPONTANEOUS SYMMETRY-BREAKING OF PARITY
Having numerically established a parity-invariant theory with a positive measure in a certain range of that was numerically accessible, we will assume this to be the case for higher values of and study the infra-red behavior of the theory by taking the → ∞ limit using the p + (θ) measure. A possibility is the spontaneous symmetry breaking (SSB) of parity leading to a non-zero bilinear condensate Σ i.e., at finite fermion mass m and infinite well separated peaks consistent with a spectrum that is discrete. Perturbation theory will hold as → 0 and λ i ( ) will be proportional to −1 . If the theory spontaneously breaks parity as → ∞, then λ i ( ) ∼ −3 (due to a finite eigenvalue density near zero [26] ) and in addition, the distributions of the individual eigenvalues should also match with those from an appropriate random matrix theory (RMT) ensemble [27] [28] [29] . If we define Σ i ( ) through the means λ i ( ) and z i of the two respective distributions,
then Σ i ( ) for different i should approach the same non-zero value Σ (the value of the condensate) as → ∞. 
V. DISCUSSION
An earlier attempt [30] to verify cancellation of anomalies in a two dimensional chiral gauge theory by directly establishing gauge invariance in the continuum suffered from the fact that there is no concept of smooth gauge transformations in the continuum limit. In light of the results in this letter, it would be interesting to revisit this problem by a computation of the continuum limit of the Berry's curvature [8] in a sequence of lattice gauge field ensembles at different lattice spacings. Of experimental relevance are the response functions of the single flavor theory studied here with the topological current coupled to a background compact gauge field φ, which can be realized in our lattice setup by including the term We consider a symmetric periodic lattice with L points in each direction. Gauge fields on the lattice are denoted by θ k (n) ∈ R and they are associated with the links connecting the sites n and n +k. The fermions with charge q couple to the compact link variables
It is essential for us to include a gauge action for the Abelian field in order to be able to take the continuum limit at a fixed physical volume 3 of the torus, and have a continuum theory free of parity anomaly. For this, we use the non-compact plaquette action given by
where the lattice coupling is inversely proportional to the lattice spacing a = L . Monopoles are infinite energy configurations in the continuum limit, and they are not part of the pathintegral. Small values of correspond to the perturbative limit and the non-perturbative aspects of the theory can be explored by studying the asymptotic, → ∞, behavior of physical quantities after taking the continuum limit at a fixed . The non-compact plaquette action does not allow for non-zero net compact flux, as seen by the fermion, over any crosssection of the torus. In this case, the fermion charge q is not required to be an integer.
The regularized overlap-Dirac operator / C o for a single charge q two-component fermion
2 is a unitary operator constructed out of the two-component gauge-link improved Sheikhoslami-Wohlert-Wilson-Dirac operator / C W with a negative mass kept fixed in the range, −M W ∈ (0, 2), as one takes the continuum limit [17, 34] . An infra-red observable that we will consider later, is the spectrum of the Hermitian operator
where G is the propagator of the q = 1 massless overlap fermion.
Appendix B: Simulation details
We used the Rational Hybrid Monte Carlo (RHMC) algorithm [21] [22] [23] for the simulation.
In this method, the gauge fields are sampled using essentially continuous molecular dynamics evolution, spoiled only by the need to use a discrete time step in the numerical evolution but rectified using accept-reject steps. All gauge field configurations along the evolution satisfy the importance sampling criterion as per the positive definite measure and statistically independent configurations are obtained by evolving for a finite time whose value is decided by the autocorrelation time.
We improved the overlap operator / C o by smoothening the gauge fields θ that enter it by using one-level HYP smearing i.e., instead of U q k (n), we used an improved link V q k (n) = e iqθ s k (n) where θ s k (n) are HYP smeared [34] . As explained in [34] , this helps reducing any nonzero monopole density at finite lattice spacing. The overlap operator is constructed using the Wilson-Dirac operator / C W kernel, which we improved further using the SheikloslamiWohlert coefficient c sw = 0.5. We fixed the Wilson mass M W = 1 in / C W in all our simulations.
We included the fermion contribution
)| by using its pseudo-fermion representation:
Using the standard procedure, we sampled φ from the above distribution by sampling Gaussian distributed complex vectors R through
We used the Zolotarev rational approximation (r k , p k ) for the above fourth-root:
In the range of values for and L we used, we found the eigenvalues of / C † o / C o to range at the most from 10 −6 to 1. We used the Remez algorithm to obtain the poles p k and residues r k in the approximation with N pole = 20, such that the error in the approximation in the range [10 −7 , 1] is bounded by 10 −8 . We held these parameters fixed at all our simulation points.
With the usage of rational approximation, we used the standard hybrid Monte Carlo (which now becomes the rational hybrid Monte Carlo, RHMC) to sample gauge configurations -we evolved the gauge fields θ i (n) and the auxiliary momenta π i (n) conjugate to the gauge field through a fictitious molecular dynamics time τ using the canonical equations of
Using another N pole = 20 pole rational approximation (
(which approximates x −1/2 within an error of 6 × 10 −5 for x ∈ [10 −7 , 1]), we get the fermionic contribution to the force dπ i /dτ , 
The computation of the rest of the fermionic force calculation for each term in the above sum is the same as the one given in [34] .
We evolved each trajectory for 1 unit of time τ ending with an accept/reject step. We tuned the step size dτ dynamically during runtime such that the acceptance ratio was greater than 80%. After thermalization, we used only configurations separated by 5 trajectories for various measurements reported in this letter. At each simulation point, we collected about 1000 such configurations except in L = 24 where the statistics is a bit smaller. The detailed list of simulation points along with the parameters and measurements are given in Table I and Table II . V θ , V θ/2 explicitly as 2L 3 × 2L 3 matrices. Using Lapack subroutines [35] , we diagonalized these matrices to obtain their eigenvalues exp(iφ j ) and exp(iΦ j ) respectively. Using these eigenvalues, we constructed the phase A as
From the eigenvalues e iφ j of V θ , we also obtained the eigenvalues iΛ At finite L, these eigenvalues in lattice units are related to the continuum eigenvalues
where One should note that M t → 0 in the continuum limit and hence the usage of 2(M W − M t ) instead of a simpler 2M W factor was only to improve the approach to the continuum limit. In the main text, the values of λ j ( ; L) are connected to the lattice Λ j through
We have tabulated these values of λ j ( ; L) for j = 1, 2, 3, 4 for all the simulation points in Table I and Table II . In Figure 7 , we show the 1/L 2 extrapolation of these improved low-lying eigenvalues to their continuum values λ j using L = 12, 14, 16, 20 and 24.
Appendix D: Random matrix theory
The kernel for the random matrix theory appropriate for extracting the condensate, if one exists, is given by [27, 28] K(x, y) = 1 2 |xy|
The procedure to extract the individual eigenvalue distribution is standard [29] . We obtained In Figure 5 of the main text, we compare the distribution P of the i-th scaled Dirac eigenvalue 2 Σ i λ i and the distribition P RMT of i-th eigenvalue from RMT. In order to quantify the approach of the Dirac eigenvalue distribution to the RMT distributions as → ∞, we consider the sum of square deviations over the N (= 10) bins of the histogram,
In the left panel of Figure 8 , we show the square deviation S for the four low-lying eigenvalue distributions as a function of , at fixed L = 20. We find S to decrease almost exponentially with . On the right panel, we show using the distribution of the smallest eigenvalue that the decrease in S with remains robust as L is increased. Thus, the agreement indeed gets better as one approaches the infinite volume limit for the first four eigenvalues. This is consistent with the presence of a nonzero condensate in the infinite volume limit. 
Appendix E: Calculation of J q
The essential simplification is 2iq 2 δA θ δθ j (n) = Tr V † qθ δV qθ δθ j (n) = ImTr 1
which is now in terms of the simpler Wilson-Dirac operator. One should also note that the above expression means that the imaginary part of the induced action from both the infinitely massive Wilson-Dirac fermion as well as the corresponding overlap fermion are the same. Thus, all our observations about the Wilson-Dirac operator in [20] hold exactly for overlap fermion as well.
